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|3mp{`
P
(
min
s
Tk(s) < exp
kh−(1−ε))
mhg·jk[]`´t`_]`_y|3rYj`_yk^#p3£,|-lpsµ{`_ykt`_hj¶i`_yknq`lijpX|3~o~or¡g¢a.psy`_r ²á°.|3µj`_r¡r¡n  `_^¨^¬|YÅ¶c-mh{hnqpsw]ir¡g
P
(
min
s(k)∈Ak
Tk(s) < exp
kh−(1−ε)) ≤
∑
s(k)∈Ak
P
(
Tk(s) < exp
kh−(1−ε)).
°1[]p4puikn¡ot
t ∈ [0, 1] 	jk[onqin¡^¨~or¡nq`lijk[L|3j
P
(
Tk(s) < exp
kh−(1−ε)) ≤ P
(
tTk(s) > tn
)
,
[]`_y`
n ; < == exp(kh−(1−ε))
Å+Z.[]`o`llps^¨~puikn¡jknqps ª# h¯Ejpst`_jk[]`_y´n¡jk[Fjk[]`n¡]o`_~`_]o`_]l`
p3£+jk[]`
Zj(s)
£¼psy
1 ≤ j ≤ k ]ghnq`_rq
P
(
tTk(s) > tn
)
≤ t−n
k
∏
j=1
E
[
tZj(s)
]
.
b ¬psyo`_y´jp·mpswo]|3mp{`-jk[]`j`_yk^
tn
ªSn¡jk[
0 < t < 1
¯Ehrq`_j
t ; < == (1+ c/n)−1 m`[]pui`_K[]`_y`
c
nqi|3hgÀlps]ikj|3µj9ikw][jk[L|3jo£«psy|3r¡r
j ≥ 1 
p
(
s(j)
)
≤ cβj , where β ; < == exp(−(1 − ε2)h−).
ª 5¯
Z.[]`t`_]`_y|3jkn¡ot£«wo]_jknqps§p3£
Zj(s)
nqitun¡{`_§mhg7}psmon¡ |3]§¤X|3w]Yn¡ 'Úu*)|3]½ijkypsotur¡g
o`_~`_]oi9psÇjk[]`¢p{`_ykrD|3~o~on¡otikjkykw]_jkwoy`p3£jk[]`·´psy
s(j)
Å .Lpsy
0 < t < 1
	jk[onqi£«wo]_jknqps
nqi1`_r¡ro`"!]]`lÏ|3]nqitun¡{`_mµgÃª«i`l`¦9ii`_ykjknqpsÀnT¯p3£+xyps~puikn¡jknqpsÇYÅ65º¯
E
[
tZj(s)
]
= 1 − (1 − t)
tjp
(
sj
)(
γj(t) + (1 − t)δj(t−1)
) ,
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(),+-) .0 1%2%340-546"7 85433  07 0	 
 0 33
53  3.0 ./) 5º
[]`_y`
γj(t)
|3]
δj(t)
|3y`o`"!]]`l§n¡ ª¼¯EÅpsy`lp{`_y£«yps^ ¦9ii`_ykjknqps½n¡nT¯·p3£xyps~puikn ²
jknqpsYÅ65un¡jnqipsmh{hnqpsw]i1jk[L|3jjk[]`_y``E®Ynqikji¶|Xlps]ikj|3hj
θ
n¡]o`_~`_]o`_µj.p3£
j
|3]
s
iw][Fjk[L|3j
£¼psy
t = (1 + 1/n)−1

γj(t) ≤ 1 + θ(1 − t).
ehn¡]l`9jk[]`£Swo]_jknqps
x 7→ (A + x)/(B + x) n¡]_y`|si`li´[]`_ B ≥ A o|3]ikn¡]l`9n¡]`lvhwL|3r¡n¡jgª 5¯.[]psrqoiYjk[]`t`_]`_y|3jkn¡otF£«wo]_jknqpsÏi|3jknqi4!L`li
E[tZj(s)] ≤ 1 − c
−1
βj
(
1
1−t + θ
)
+ c−1 + qk(s)
,
ª 55º¯
[]`_y`
qk(s)
Lo`_~,`_]Yn¡ot¬psÏjk[]`p{`_ykrD|3~o~on¡otPikjkykw]_jkwoy`·p3£
s(k)
onqio`"!]]`lmµg
qk(s) ;<>== max
1≤j≤k
j−1
∑
m=1
  5
{sm...s1=sj ...sj−m+1}β
j−m
ª«o`"!]on¡jknqps p3£
δj
´`_y`tun¡{`_§n¡ ¯EÅÂ [L|3j`_{`_yjk[]`p{`_ykrD|3~o~on¡ot½ikjkykw]_jkwoy`nqi
qk(s)
nqi
lpshjkypsr¡rq`lmhg
0 ≤ qk(s) ≤
β
1 − β .
ª 5¯
Z.[hw]i
k
∏
j=1
E[tZj(s)] ≤ exp
[
−
k
∑
j=1
ln
(
1 − c
−1
βj
(
(1 − t)−1 + θ
)
+ c−1 + qk(s)
)−1
]
.
ehn¡]l`»jk[]`£«wo]_jknqps
x 7→ ln 1/(1 − x) nqiXn¡]_y`|sin¡ot] |N£«j`_y|Plps^¨~L|3yknqipsÃm,`_j 1`l`_7iwo^|3]n¡µj`_tuy|3r|3]|N£«j`_yjk[]`[L|3ot`Vp3£+{s|3yknD|3morq`
y = βx
(
(1 − t)−1 + θ
) ]ps]`psmoj|3n¡]i
k
∏
j=1
E[tZj(s)] ≤ exp
[
− 1
lnβ−1
∫ (1−t)−1+θ
βk
(
(1−t)−1+θ
)
ln
(
1 − c
−1
y + c−1 + qk(s)
)−1 dy
y
]
.
Z.[onqi´n¡hj`_tuy|3r,nqi.lpsh{`_ykt`_µjn¡À|·]`_n¡tu[hm,pswoyk[]p4phÀp3£
+∞ µ[]`_]l`9jk[]`_y`9`E®4nqikji.|¢lps]ikj|3µj
C
Yn¡]o`_~,`_]o`_hj-p3£
k
|3]
s
ikw][Àjk[L|3j
k
∏
j=1
E[tZj(s)] ≤ C exp
[
− 1
lnβ−1
∫ +∞
βk
(
(1−t)−1+θ
)
ln
(
1 − c
−1
y + c−1 + qk(s)
)−1 dy
y
]
.
ª 5:¯
Ò Ò Ù?]çBéEçA@
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b£
Li2(z) =
∑
k≥1 z
k/k2
o`_]psj`liPjk[]`_rD|siiknq|3rXYn¡rqpstµ|3ykn¡jk[o^-ps]`Ç[L|si d
dy Li2(− vy ) =
1
y log(1 + v/y)
][onq[Ïrq`|soijp»jk[]`X£¼psyk^VworD|
∫ +∞
ak
ln
(
1 − c
−1
y + c−1 + qk(s)
)−1
dy
y
= Li2
(
−qk(s)
ak
)
− Li2
(
−1 + cqk(s)
cak
)
.
psy`lp{`_yLn¡Ï|]`_n¡tu[µmpswoyk[]php4Ïp3£ −∞ 
Li2(x) = −
1
2
ln2(−x) + O(1), ª 5 h¯
[onq[Àghnq`_rqoiºhwo]o`_y.jk[]`|siikwo^¨~ojknqps]i
ak → 0
|3]
qk(s) → 0
[]`_
k
j`_]oi.jp¢n¡ !]on¡j g
∫ +∞
ak
ln
(
1 − c
−1
y + c−1 + qk(s)
)−1
dy
y
= Li2
(
−qk(s)
ak
)
+
1
2
ln2 ak + O(ln ak).
Z.[hw]iojk[]`m`_[L|l{4nqpswoyp3£+jk[]`n¡µj`_tuy|3r n¡7ª 5:¯.o`_~`_]oipsjk[]`V|sikg4^¨~ojpsjknqlip3£
qk(s)
Å
. n¡yijrq`_jw]ilps]iknqo`_yjk[]`|si`·p3£jk[]`X´psyoi
s(k)
iw][jk[L|3j
qk(s) < exp
(
−
√
k
) |3]
rq`_j
zk ;<>== exp
(
−
√
k
) Å.Lpsyikw][Ï1psyoiojk[]`¢|3m,pº{`·`lvµwL|3r¡n¡j gPn¡^¨~or¡nq`li
∫ +∞
ak
ln
(
1 − c
−1
y + c−1 + qk(s)
)−1
dy
y
≤ ln ak ln zk −
1
2
ln2 zk + O(ln zk).
°´ps]i`lvµw]`_hjkr¡g][]`_
ak = β
k
(
(1 − t)−1 + θ
)
∼ exp(−kh−(ε − ε2))
]ps]`t`_ji
k
∏
j=1
E[tZj(s)] ≤ C exp
[
− ε
2(1 + ε)
k3/2 + O(k)
]
.
Z.[]`_y`|3y`
4k
1psyoip3£,rq`_otujk[
k
s[]`_]l`{`_ykgVypswotu[or¡gµmµgj|3¹hn¡otXjk[]`ikwo^pº{`_yjk[]`.1psyoi
p3£+rq`_otujk[
k
ikw][jk[L|3j
qk(s) < zk
]|3]ikn¡]l`
t−n
nqimpswo]o`l?
∑
s(k)∈Ak | qk(s)<zk
P
(
Tk(s) < exp
kh−(1−ε)) ≤ 4k exp
[
− ε
2(1 + ε)
k3/2 + O(k)
]
,
[onq[nqijk[]`t`_]`_y|3rj`_yk^ p3£|Flpsµ{`_ykt`_µjXi`_yknq`liÅ
bjy`_^¬|3n¡]ijp§ikjkw]Yg jk[]`|si`Ç[]`_
qk(s) ≥ zk
Å .Lpsyjk[]`li`Ç1psyoiºrq`_j¬w]iPpsor¡g
lps]inqo`_yjk[]`n¡]`lvhwL|3r¡n¡jgÃª 5¯|3]Àjk[]`_
k
∏
j=1
E[tZj(s)] ≤ C ′ exp
[
− 1
lnβ−1
∫ +∞
βk
(
(1−t)−1+κ
)
ln
(
1 − c
−1
y + c−1 + β(1 − β)−1
)−1 dy
y
]
.
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ehn¡]l`
x ≤ log(1 − x)−1 ]|N£«j`_yips^F`X´psyk¹Àp3£n¡hj`_tuy|3jknqpsK
k
∏
j=1
E[tZj(s)] ≤ exp
(
− c
−1
lnβ−1
kh−ε(1 − ε) + o(k)
)
.
Z.[]`9L|3jkwoy|3rvhw]`likjknqps|3yknqikn¡ot¨]pº nqi.[]p ^¬|3µg1psyoi
s(k)
|3y`iw][Àjk[L|3j
qk(s) ≥ zk
 
 `_jw]io`"!]]`
Ek ;<>==
{
s(k)
∣
∣
∣
qk(s) ≥ e−
√
k
}
.
psy`lp{`_y	_rq`|3ykr¡g¬£«yps^ jk[]`·o`"!]on¡jknqpsÇp3£
qk(s)

|Ek| ≤
∣
∣
∣
{
s(k)
∣
∣
∣
∃j ≤ k :
j−1
∑
m=1
  5
{sm...s1=sj ...sj−m+1}β
j−m ≥ e−
√
k
}
∣
∣
∣
.
 `_jw]io`"!]]`jk[]`·i`_j4£«psy
j ≤ k
Sj(t) ; < ==
{
s(k)
∣
∣
∣
j−1
∑
m=1
  5
{sm...s1=sj ...sj−m+1}β
j−m ≥ t
}
.
c-]`·[L|sijk[]`X£¼psr¡rqpn¡otFn¡]_r¡w]iknqpsK
j−1
⋂
m=`
{
s(k)
∣
∣
∣
  5
{sm...s1=sj ...sj−m+1} = 0
}
⊂ Scj
( βj−`
1 − β
)
,
[]`_y`´jk[]`´]psj|3jknqps
Bc
o`_]psj`li+jk[]`.lps^¨~orq`_^F`_µj|3ykg¨i`_jp3£
B
n¡ Ak Åehn¡]l` e−
√
k = β
j−`
1−β£¼psy
` ;<>== j −
√
k/ ln
(
β−1
) 
Ek ⊂
k
⋃
j=1
j−1
⋃
m=`
{
s(k)
∣
∣
∣
  5
{sm...s1=sj ...sj−m+1} = 1.
}
.
.n¡L|3r¡r¡gojk[]`·µwo^Vm`_y-p3£+1psyoi
s(k)
ikw][Ïjk[L|3j
qk(s) ≥ zk
nqim,pswo]o`lÏ|3mp{`·mµg
∣
∣Ek
∣
∣ ≤
k
∑
j=1
j−1
∑
m=`
4j−m ≤ 4
3
k4
√
k/ ln
(
β−1
)
.
b jy`_^¬|3n¡]ijpF|3~o~or¡gÀa.psy`_r ²á°.|3µj`_r¡r¡n  `_^¨^¬|F|3]
lim sup
n→∞
Ln
lnn
≤ 1
h−
|YÅÆiÅ
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ṽ
lps]iknqijkn¡otp3£1y`_~`_jkn¡jknqps]i·p3£.|ikn¡oturq`»rq`_jkj`_y
v
Kn¡jk[
p(v) ; < == p mhgw]i`p3£jk[]`·iB|3^F`X^F`_jk[]ph?]ps]`V|3Ï`likj|3mor¡nqik[Àjk[]`X£¼psr¡rqpn¡otn¡]`lvµwL|3r¡n¡jknq`li 9
P(Xn(ṽ) < k) ≤ (1 + pk)−(n+1)
(
1 + pk
(t1p)
−k − 1
1 − t1p
)−1
,
P(Xn(ṽ) ≥ k) ≤ e
(
1 +
1
n + 1
(t2p)
−k − 1
1 − t2p
)−1
,
[]`_y`
t1 ; < == 1+pk
|3]
t2 ; < == (1+1/n)−1
s£«psy
k
m,`_n¡otikw][¨jk[L|3jjk[]`´t`_]`_y|3jkn¡ot£Swo]_jknqps
Φ(s(k), t1)
nqio`"!]]`l?Å»Á-`_]l`¨ps]`»|3Ão`_ykn¡{`F|sikg4^¨~ojpsjknq»~oyps~,`_ykjknq`li£«psyrqpsot`likjXykwo]iÅ
psy`lp{`_yhikn¡]l`´jk[]`.^¬|N®4n¡^¢wo^
Gn
p3£,jk[]`´£«pswoy+rqpsot`likjykwo]i+n¡
U1 . . . Un
nqii^¬|3r¡rq`_yjk[L|3
jk[]`X[]`_n¡tu[hj-p3£+jk[]`¢°±X}²³jky`l` T n oZ.[]`lpsy`_^ YÅ65g4nq`_rqoi
lim sup
n→∞
Gn
lnn
≤ 1
h−
|YÅÆiÅ
 
  %     
Z.[onqii`l_jknqpsnqi o`_{psj`ljpjk[]`´|sikg4^¨~ojpsjknq1m,`_[L|{hnqpswoyp3£]jk[]`n¡]i`_ykjknqps»o`_~ojk[»o`_]psj`l¢mµg
Dn
|3]Pjp¢jk[]`9rq`_otujk[Ïp3£+|~L|3jk[y|3]ops^¨r¡gÀ|3]Pwoon £¼psyk^¨r¡g[]pui`_o`_]psj`lPmµg
Mn
ª«i`l`
i`l_jknqps¯EÅ
Dn
nqi¶o`"!]]`l|sijk[]`y|3]ops^¸rq`_otujk[p3£?jk[]`~L|3jk[rq`|sYn¡otVjpjk[]`]pho`[]`_y`
W (n)
nqi·n¡]i`_ykj`l? n¡7psjk[]`_y·´psyoi
Dn
nqi·jk[]`¬|3^Fpswohjp3£Yn¡tun¡ji·jpÀm`F[]`l¹`l½m,`E£¼psy`
jk[]`V~,puin¡jknqpsp3£
W (n)
nqi£¼pswo]?ÅZ.[]`lpsy`_^ YÅ65Vn¡^¨^F`lYnD|3j`_r¡gÏn¡^¨~or¡nq`liX|:!]yikj9|sigh^¨~ojpsjknq
y`liwor¡j9ps
Dn
Åb ]o`l`l?
Dn = `n
[]`_]`_{`_y
`n+1 > `n
L[onq[Ç[L|3~o~`_]i9n¡ !]on¡j`_r¡gÏp3£«j`_
|YÅÆiºÅ¡oikn¡]l`
limn→∞ `n = ∞
|YÅÆiÅÁ9`_]l`u
lim inf
n→∞
Dn
lnn
= lim inf
n→∞
`n
lnn
=
1
h+
|YÅÆiÅ
ehn¡^¨n¡rD|3ykr¡g
Dn = Ln
[]`_]`_{`_y Ln+1 > Ln L|3]P[]`_]l`
lim sup
n→∞
Dn
lnn
= lim sup
n→∞
Ln
lnn
=
1
h−
|YÅÆiÅ
Z.[]`£«psr¡rqpºn¡otFjk[]`lpsy`_^ lps^¨~orq`_j`lijk[]`V|sikg4^¨~ojpsjknqm,`_[L|{hnqpswoyÅ
 )'  4:24
Dn
lnn
P−→
n→∞
1
h
0
lim
n→∞
Mn
lnn
P−→
n→∞
1
h
.
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   4 .Lpsy|3 n³Å n³ÅÆ?Å1i`lvhw]`_]l`
U = U1U2 . . .
´n¡ jk[]`|si`[]`_ jk[]`y|3]ops^
{u|3yknD|3morq`li
Ui
|3y`-]psj.woon £¼psyk^¨r¡gYnqijkykn¡mowoj`ln¡ {A,C,G, T} 	Z.[]`lpsy`_^  ]Å659n¡^¨~or¡nq`li.jk[L|3j
Dn
lnn
op4`li]psjlpsµ{`_ykt`|YÅÆiÅ+m`l|3w]i`
lim sup
n→∞
Dn
lnn
≥ 1
h
>
1
h+
= lim inf
n→∞
Dn
lnn
.
'5 :  8 7 3  543
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b jikwY­¬l`lijp¨lps]iknqo`_y
Dn
ikn¡]l`XmµgÀo`"!]on¡jknqpsÇp3£
Mn

P(Mn = r) =
1
n
n
∑
ν=1
P(Dν = r).
 `_j !o®
ε > 0
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∣
∣
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∣
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∣
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∣
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∣
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∑
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∑
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∣
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∣
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(
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− c
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∣
∣
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∣
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∑
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∑
m≥1
Qm(s1, sr)t
m = 1 +
1 − t
p
(
sr
)
t
∑
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(
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∑
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[
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(
sr
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[
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∑
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(
s(j)
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∑
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∑
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